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1 Introduction

1.1 Background

An isolated particle is distantly space-like separated from the influences of other particles.
Isolated stable particles propagate along straight lines. In quantum mechanics, straight line
propagation of isolated, stable states follows from the representation of states by functions
undergoing interaction-free unitary time evolution. Straight line propagation corresponds with
the classical mechanics of isolated particles. A necessary property of realizations of relativistic
quantum physics is that isolated stable states exhibit no interaction.

An argument of a state describing function depicts a particle-like state if the dominant
support of the argument is isolated. Elementary particles correspond with the fields and form
bound states. In the Wigner classification [13], representations of the Poincaré group describe
the particles. Classically, particles are localized, however, only isolation and not localization of
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support is required to demonstrate straight line propagation. Isolation implies that the domi-
nant support of the argument of interest is distantly space-like separated from the significant
support of every other state describing function argument. The space-like separation must be
sufficient that interaction is negligible. The cluster decomposition property of the vacuum ex-
pectation values (VEV) of fields together with Hamiltonians that satisfy Poincaré invariance of
likelihoods result in straight line propagation of isolated state descriptions.

Demonstrably realizable constructions of relativistic quantum mechanics [4, 9] describe in-
teraction with physically non-trivial VEV for the fields [7]. The scalar product is determined
by the VEV, and from Born’s rule, state transition likelihoods follow from the scalar products
of initial and final state describing functions. Interaction is negligible when the contributions
to scalar products from the n > 2, n-argument truncated (connected) VEV components are
negligible. To satisfy relativity, observers in all inertial frames of reference must agree on the
likelihoods of events. The state descriptions in alternative inertial frames of reference are re-
lated by Poincaré transformation. Then, from Born’s rule for likelihoods, it follows that the
scalar product is a Poincaré invariant and consequently, the Poincaré group is unitarily repre-
sented in the Hilbert space of state describing functions [3, 13]. A Poincaré invariance-compliant
Hamiltonian is the Hermitian generator of temporal displacement in the representation of the
Poincaré group. These Hamiltonians are physically “trivial.” This contrasts with the approach
in relativistic quantum field theory (RQFT) [1, 5, 10]. In the Dyson series development of the
Feynman rules for scattering amplitudes, the VEV of fields are free field VEV and interaction is
described by interaction Hamiltonians expressed in free field operators. Physically non-trivial
interaction Hamiltonians are a familiar method from non-relativistic quantum mechanics, but
the Haag (Haag-Hall-Wightman-Greenberg) theorem [3] demonstrates that quantum mechanics
can not be fully realized with this approach. Neither Poincaré covariant description for the finite
interval propagation of general state descriptions [2], nor straight line propagation of isolated
stable states follow in RQFT that manifest interaction. Consideration of relativistic invariance
and the propagation of isolated states illustrates the futility of realizing relativistic quantum
mechanics with interaction Hamiltonians. Section 2 of this note includes a demonstration that
isolated state descriptions propagate along straight lines in the constructed realizations of rel-
ativistic quantum physics. Examples of finite interval evolution of isolated state describing
functions are introduced in section 1.3 before their development in section 3.

Association of the interactions exhibited in the constructions with classical description of
interactions is a conspicuous, outstanding effort for the constructed realizations of relativis-
tic quantum physics. The association of the VEV of fields with classical equations of motion
and field equations is obscured by the scope of non-classical effects: localized and widely dis-
tributed state descriptions, position and momentum uncertainties, indistinguishable particles,
particle creation-annihilation, and entanglements. Long range interactions describe deviations
from straight line propagation exhibited by non-isolated state descriptions. Suggestive non-
relativistic approximations [7] are consistent with gravity and electromagnetism but incom-
plete. Conversely, plane wave scattering amplitudes directly follow from the VEV but apply
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when state descriptions spatially overlap. For spatially overlapping state descriptions, short
range interactions dominate, and constructed scattering amplitudes approximate RQFT scat-
tering amplitudes [7, 8]. The approximation of RQFT scattering amplitudes associates the
dominant short range interactions with the interaction Hamiltonians from RQFT. The descrip-
tions of long range interactions are generally distinct from the description of interactions that
determine the plane wave scattering amplitudes.

For convenience, demonstrations below are limited to the example of a single, neutral scalar
field associated with a finite mass m.

1.2 The spatial support of state descriptions

In quantum mechanics, the descriptions of nature are functions over spacetime. These functions
are elements of Hilbert spaces [4, 9]. The spatial configurations of natural objects are perceived
and labeled by times, and Poincaré transformations relate perceptions from alternative inertial
frames of reference. Time is not an observable of natural objects: time labels changes to per-
ceived spatial configurations. Time is generally kept externally to the object under observation.
In the constructions, a state describing function in the one-argument subspace Hp(R*) of the
Hilbert space of states Hp [7] with Fourier transform domain representation

&(p) = (po +w)f(p) (1)

follows for every tempered function f (p) € S(R?). The one-argument subspace consists of
the descriptions of the unconfined elementary particles. The functions f (p) describe the spatial
support of the state describing function ¢(z) within constant time planes in the selected inertial
reference frame with spacetime coordinates x. The mass shell energy

w=w(lpl) = /A2 +p ®)

with p? = ||p||> = p3 4 p} + p? and reduced Compton wavelength

Ae = —
me
determined by the mass m, speed of light ¢ and reduced Planck constant h.

The constructed VEV [7] include a factor & (pj2 — m?) for each argument p; in the Fourier
transform domain. A consequence of the limitation of the support of the constructed VEV [7]
to mass shells is that every one-argument state describing function is in an equivalence class of
a state describing function of the form (1). Every state describing function ¢q(x) € Hp(R?) is
in the Hilbert space norm completion of functions

¢1(p) = (po + w)g(p)
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with §(p) € S(R?). Due to the §(p? —m?) factors in the VEV and the zeros pp+w from elements
of Hp, the contribution of a state describing function to scalar products is evaluated at py = w,
and then,

9(p) = g(w, p)-
With this equivalence, ¢(z) is in the form (1) with
f()=§(w,p)

and f(p) is in a completion of S(R3). Every state description is equivalent to a state description
of the form (1).

The modulus of the state describing function ¢(z) provides one characterization of support.
The modulus follows from the inverse Fourier transform of (1).

p(x) :/ e (py + ) f(p)

(2m)?
- _'87 -2 _ dpo ipo(xo—A) dp —ipX LI £ 3
< Zaxo—i_m)/@ﬂéel) /(271');6 PXeiwA f(p) (3)

YA, x)
o2r

9 5
=|—i—4+ VA=A |d(xg— A

( 8:1:0 ¢ ) ( 0 )
with Lorentz energy-momentum 4-vectors designated p = pg, p, Euclidean momentum vectors
P = Du,Py,P-, Lorentz invariant differential dp = dpodp,dp,dp., Minkowski inner product
Tp = xopo — X - P, Laplacian A for x € R3, and generalized functions 6(z¢) and & (zo). The
dominant spatial support of ¢(z) at the time X is characterized by a function

B\ x) = / dp ¢ P*e f(p). (4)

The function ¢ (), x) over x is an element of S(R?) for each time A = ¢t € R when f(p) € S(R?).
The representation (3) is in a selected inertial frame of reference. More generally, the support
of an argument of a multiple argument state describing function ¢, ((z),) follows by fixing
all but one variable: ¢1(x;) = ¢n((x),) with z; the variable and the remaining arguments
{z1,22,...2n}\{z;} fixed. The support generally depends on entanglement, on the values of
xy for k #£ 3.

The physically relevant support of a state describing function ¢((z),) € Hp(R™) fol-
lows from Born’s rule that characterizes likelihoods of observations. The likelihood that an
n-argument state describing function ¢, ((z),) is observed as k particles located near points
(Y)k = Y1, Y2, ... yr € R at a time )\ is

‘(dk(/\7 (Y)k)|(pn>|2 )

(5)
12 llonll?
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(or|@n) is the scalar product in Hp, ||¢nl|? = (@nlen), and di(\, (y)i) € Hp(R**) designates
a state describing function with point support at times xjo = A for j € (1, k) and with spatial
support dominantly within a small neighborhood of the points (y). For example, in the Fourier
transform domain,

k
(i, ) = T (P92 ) erimorsims v
; 20)]'
j=1
with arbitrarily small € € Ry and w; = w(||p;]|)-
VEV determine the scalar products in (5). The n-argument VEV expand in a cluster
expansion of products of ¢ < n, f-argument truncated functions [3, 7]. If all arguments (x)y,
of ¢, are isolated, the contributions to scalar products from the £ > 2, f-argument truncated

(connected) VEV are negligible and

Z ﬁW2($fvxi[) lfk:n

Wk,n((x)Zn) ~ pairs (=1
0 ifk=#£n

in evaluation of the scalar product (di|py,). Without isolation of supports, the VEV exhibit
interaction, for example, dj and ¢, are generally not orthogonal for k& # n. In the constructions,
the scalar field two point is a Pauli-Jordan function with the Fourier transform

Wa(p1,p2) = 8(p1 + p2)8(po2)d(p3 — m?).

The free field two-point function characterizes propagation of isolated states.® The spatial
support of an isolated argument is sufficiently greatly space-like separated from the dominant
spatial supports of the remaining arguments of the state describing function that the £ > 2,
f-argument truncated contributions to VEV are negligible. Truncated VEV decline to zero as
their arguments are greatly space-like separated. The lack of interaction exhibited by isolated
state descriptions originates from this decline. The cluster decomposition property of VEV
provides that only two-point functions provide a significant contribution to the scalar product
when all arguments have isolated support.

For product state describing functions

on((@)n) = [T er4(2;), (6)
j=1

the support of each argument is independent of the values of the other arguments. For product
state describing functions with isolated arguments, cluster decomposition provides that

n

(dn (A, (¥)n)lon) ~ H<d1()\;Yj)|801,j>
j=1

#For a confined species, the two-point function is zero and the support of arguments can not be isolated [7].



1 INTRODUCTION 6

when the dominant spatial support of each argument x; includes y;. From isolation and with
yi = \yj, Walyj,z) = 0 if y; lies significantly outside the region of dominant support of
the isolated argument x with g = A. The scalar product within the one-argument subspace
Hp(R?Y) is

(Y1lp1) = /dwldm Y1 (w1) Wa(xy, 22) @1(22)

= /dpldp2 1 (—p1) Wa(p1, p2) 31(p2)

from the Parseval’s equality definition of the Fourier transform of generalized functions. The
factors in the scalar product (5) for product (6) state describing functions ¢, ((z),) are

—poitwr

21 e~ PIOAPLY § (11 +po) 0 (po2)d(p5 —m?) (poo —wa) f (P2)

({di(X,y)le1) = /dpldpz
with ¢1 ; characterized by the function f (p) and y = y;. The limitation of VEV support to
mass shells sets each pg = w due to the zero introduced by the factor pg+w in (1). The delta
function-like limit of the complex conjugate of the Fourier transform of d;(A,y) is

—po +w .
2w

with 9o = A. The delta function-like limit® of d1 (), y) lies outside of Hp. The delta function-like
limit of d;()\,y) simplifies the scalar product to

—1ipy

di(—p; \,y) =

(0 y)er) ~ / dp =PV ¢ f(p)

with the same ¥(\,y) from both the state describing function (3) and (7). The isolated argu-
ment y describes a freely propagating state at time A.

With interest limited to one isolated argument x; of a product (6) state describing func-
tion ¢, ((x),), approximation of the expectation value of a localized one particle operator A
associated by isolation with observation of one function factor ¢1 ;(\,x;) of ¢, ((2),) is

(7)

(p1,51A01,5)
(p1,5le1,5)

(p1jlAp1y) = / dprdps (—po1+wi1) f(=p1)3(p1+p2)0(po2) 8 (03 —m?) A(poa+w2) f(p2)  (B)

E[A;0n] =

- / dp J(p)A2f(p).

PThe Hilbert space norm of the delta function-like limit diverges: the likelihood of observation at a single
point is zero. Likelihoods of observation within finite volume neighborhoods are finite.
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The isolated argument associated with the localized A is described by the function f (p). Local-
ized observation is associated with an isolated argument x; when observation of A is constrained
to exclude the dominant support of every argument except the dominant support of the isolated
x;. From the Hamiltonian in the n-argument subspace of Hp

H=][e ™" : |pn) € Hp(R™) > [Hpy,) € Hp(R™)
j=1
[7], it follows that for product (6) state describing functions with isolated arguments and for

localized A, expectations simplify to

(™A j|Ae™P ey ;)
(@151,

(e7®Apy j|Ae ™y ) = / dp e f(p) A 2we™™ f(p)

E[A;e7Ap,] =

and generally, A does not commute with w.

Poincaré transformations relate state descriptions in alternative inertial frames of reference.
The description of spatial support that follows from an f(p) in (3) or (7) applies within a
constant time slice of spacetime in one inertial reference frame. Nevertheless, the Poincaré
invariant scalar product of Hp and the invariant limitation of the support of VEV to mass
shells imply a description of the spatial support in any inertial frame of reference [7]. Poincaré
transforms map representations of the form (1) from one inertial frame of reference to any other
inertial frame of reference. The scalar product is invariant

<(a7 A)g‘(av A)i> = @f)

and the state describing functions are covariant with Poincaré transformations. The transform-
stions of state describing functions are

(@, Mpn((@)n) = en((A"H(z — a))n)

n

(a, M)@n((p)n) = He_ipka@n((A_lp)n)

k=1

in the case with a single neutral scalar field. The Poincaré transform (a, A) consists of a proper
orthochronous Lorentz transformation A determined by an A € SL(2,C), and a spacetime
translation a € R*. The representation of the Poincaré group is unitarily implemented [3],

(CL,A)* = ((1, A)_l = (_A_la’v A_l)‘
Poincaré transformations of a state describing function of the form (1) results in

(a, M) (po +w) f(P) = (A 'p)o +w)e P fF((A'p)a, (A ')y, (A™'D)2)
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with W' = w([|(A™'p)s, (A"1p)y, (A"1p),)||). Designating p’ = A~!p, Lorentz invariance pro-
vides that

p*—m?® = (po+w)(po —w)
:p/2_m2
= (py +w')(py — ).
Then, if pj, # ',
/ ’ bo —w
Poptw = (p0+w)p6_w/

and the factor
po—w  pyt+uw
Py —w  potw

is regular at pj, = w’. Finally,

(a, A)(po +w) f(p) = (po + w)e ™" % FIAP)ay (A1 p)y, (A 'p)2). (9)

The limitation of the support of VEV to mass shells and the zeros on negative energy mass
shells contributed by functions in Hp provide that scalar products are evaluated with energies
Py = w. Setting py = w except for the pg in the factor pg+w that introduces the zero on negative
mass shells, the Poincaré transformed (9) is a state describing function in the form (1). f(p)
describes the spatial support on a constant time slice in an original, inertial reference frame. (9)
provides the description of the state after a composition of boosts, rotations, and translations
with respect to the original frame of reference. The description (9) is in the coordinates of an
observer in the initial frame.

1.3 Approximations for (), x)

The function ¥(A,x) that describes the support of one argument of a state describing func-
tion ¢, ((7),) € Hp(R*™) is an inverse Fourier transform (4). For A # 0 and the Gaussian
f(p) € S(R?) considered in this note, this Fourier transform is not elementary. However, for
Gaussian f(p) and limited intervals ), familiar non-relativistic approximations [6] result in
Gaussian quadrature to approximate ¥ (A, x). For sufficiently limited times A and Gaussian
f (p) dominantly supported over non-relativistic momenta A\2p? < 1,

WA R — 1—|—* - = =+ ...

from binomial series expansion and then for rotationally invariant Gaussians

fp)=¢e7", (10)



1 INTRODUCTION 9

the description of support is

"L/J()\,X) — /dp e—ip.xeiw)\e—UQPQ

/dp e—ip~x6i(1+%)‘.%PQ))\AC —o2p?

~ e
3
- A ) ) 11
=e'% II </dpy e_lp““’”elé)‘cpg)‘e_a%z) "
- 2
3 Z% X
2 - B
— e 40?2 — 2NN

(02 — iAN)?
The approximation for ¢ (A, x) is a Gaussian of fixed width in momentum and spreading support
over space as time A increases.

2

402 4+ L A2)2
()| ~ R

The approximation (11) applies if

1
<>\;1 + §A6p2 - w(p)) AT (12)

within the dominant support of the integrand, o?p? < K? with K ~ 3. Within this dominant
support, the momenta must be non-relativistic, A>’p? < 1, and as a consequence, \? < o2.

A non-classical consideration in quantum mechanical free propagation is the spread of mo-
mentum and position support described in the Heisenberg uncertainty principle. The dominant
momentum support of an isolated state describing function remains constant with time and the
initial spread of momenta provides that the spatial support broadens with increased time.

For the Gaussian f (p), the expectation of the location is zero and the square of the non-
relativistic approximation for location follows from

2
E[XQ;E_iW)‘gOl ~ ”(’01||2/dp e )\c>\ o2)p? <Z§p2 e(—iékc)\—(ﬂ)p2>
e uz/ P (0% —igheN) —d(0* — AN B]) €7
1
2 '1)\0)\ 2
= Z (2(02 _ i%)\c/\) _ W)

A2)\2
do 2

=3(c? + %)
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with
_ _ 922
1] ~ 2)\cl/dpe 20°P7,
The spatial spread of support of the freely propagating particle increases with time. The
expectations of momentum and momentum squared do not vary with time as a consequence

of the commutation of p, with w. Gaussian f (p) initially meet the Heisenberg uncertainty
principle lower bound. The Gaussian quadrature follow from

> 2y g—oa?+pz _ | T B 1Y) e
/ dx (A+Bx+Cx%)e =\ 2 (A—i—B a+C <2a+4a2 e (13)

— 00

for a, f € C and Re(ar) > 0. )
A relativistic approximation for the function (4) with rotationally invariant Gaussian f(p)
is developed in section 3.

3 .
WaelaOA X2
LX) —_— 14
v (o2 —i)\as)% eXp( 4(0? - i)‘Us)) 14
with o from (34).
2
af/dp 4p*w e~20°P? _ /dp L e~20°P?
w

ag is an undetermined constant and w is from (2). If o is sufficiently large that the dominant

support of (10) is non-relativistic, o2 > K22, then w ~ A\ ! and
Ac
Og ~ ?
Then, with
o = /\gl,

(14) coincides with (11) in non-relativistic instances. The approximation (14) coincides with
(11) in non-relativistic instances but the limitations to non-relativistic momenta and to A that
satisfy (12) are removed in (14). For relativistic momenta, 205 < A, and the spatial spreading
with increased ) is less than would be extrapolated from the non-relativistic approximation.

2 Corresponding classical trajectories

The quantum mechanical description of linear motion is that the expectation of location exe-
cutes linear motion and the expectation of momentum is constant with time. Then, the support
of the isolated argument exhibits no interaction and this lack of interaction persists as long as
supports remain isolated. In this section, it is demonstrated that isolated states exhibit straight
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line, free particle propagation in the constructed realizations of relativistic quantum physics [7].
Free particle propagation follows from the cluster decomposition property of VEV and Poincaré
invariance-compliant Hamiltonians. Interaction is exhibited if the supports of the arguments
of the state descriptions are not sufficiently isolated. Without isolation, scalar products in-
clude non-negligible contributions from the n > 2, n-argument truncated VEV. Exhibitions of
interaction include the plane wave limit scattering amplitudes.

For Poincaré invariance-compliant Hamiltonians [13], the Hamiltonian commutes with the
momentum operators, [H , Py] =0, v =ux,y, 2, and as a consequence, the momenta are constant
over time as long as arguments are isolated. Constant momenta describes the time evolution
of free particles. Momenta P, are observables, self-adjoint operators, and the expectations of
the momenta for isolated particle-like state descriptions are constant with time as long as the
support of the state describing function arguments are sufficiently space-like separated that
contributions of the n > 2, n-argument truncated VEV are negligible. Propagation remains
free until the particle encounters additional particles, until the isolation of support fails. If the
support of an argument of a state describing function is isolated, the state described by the
argument is identifiable from its isolated location.

With interest limited to one isolated argument x described by ¢1(z) at time z¢9 = A from a
product (6) state describing function ¢, ((x),), the time evolution of the expectation of a local
observable A includes the factor

(P 1A Np) = ("N (M A + [4,e7N) 1)
= (p1] (A+ A, efw)‘]) ©1)
= (p1|Ap1) + (p1]erA, e A1)

- / dp F(p) A2 (D) + F(P)E“ A, e Y] 20 f(p).

A is a local observable perceived within a volume that overlaps the isolated support of the se-
lected argument x and is disjoint from the dominant support of all other arguments of ¢, ((x),).
Isolation enables the identification of an observation of A with the state describing function
¢1(z). From (1) and (8), expectations of the state describing function ¢;(z) are described by
f (p). The expectations include an initial value plus a term that is zero if A = 0 or [A,w] = 0.
However, location and momentum operators are not localized operators, and the discussion
applies to spatially limited operators that approximate the location and momentum operators
within the dominant support of ¢1(x).

If the observable is A ~ P, or P2, one of three components of momentum, v = x,y, 2,
then the commutator vanishes. As a consequence, the expectations for the momentum are
constant with time as long as the dominant support of the argument of interest remains isolated.
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For isolated, particle-like state descriptions, there is no interaction and the description of the
momentum is constant over time.
Relativistic location operators [12] have frequency domain representations

N 1 0

X, = itw? w
Y dpy

N|=

If the observable is A ~ X, or XB, then the commutators with time translation do not vanish
but [of%, e~™A] = 0. Expectation values (8) are

» . . , — = 0 . 1
(Pl n) =2 [dp ek fp) el Fip)
14
from
. ~ . 1 . ak i\ 1
ezw)\(XV)kefzw)\ — ikuﬁelw‘ e~ WA TS

ok
For the expectation of X,, the chain rule and expansion provides

0
op,’

N|=

eiw)\[XV’e—iw/\] — Z'eiw)\w [ —iw)\]w—%

(&

Pvy
w

= vyt

from the temporal distance parameter A = ct and designation of velocity v = v, vy, v,. Velocity
and momentum are related [11]

Y _ DPv
c w
or muv
14
th:
122
02

in the units of this note [7].
For the expectation of X2, the chain rule, addition of terms and the commutativity of p,
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with w provides

1
w?2

2
_ _w% eiwA a?e—iwA Lo ae—iwA o w%
B op? opy ) Opy

NG 0
— —wr (—is iz el gk )
w w3 w? w Opy

eiwA [X2’ e—iw)\] W = —w3ewA [7

14

e—iw)\]

2 9
—ix— i 2y ginep, T
w w Opy
9

apy
. 9 v,

2
= iA+ X222 4 20,

From the expectation (8), time evolution of the means and squares of momentum and
position are

E[P;e “*¢1] = E[P; 1]

E[X;e™™ o1 = E[X;01] + AE[LP,; 1]

E[P?% e o] = E[P?¢1] (15)
E[X2 e @2 p] = E[X2% ] —1—2)\ZE \/pT,a \C —|—)\2ZE 2,<p1

Functions (A, x) describe the support and isolated expectation values for each isolated
argument of state describing functions ¢;,((z),). Symmetries of these functions ¢(A,x) follow
from (4). (), x) is a Fourier transform of ¢** f(p). The complex conjugate is

Pnx) = / dp P\ f(p)
- ¢c(—)\, _X)

with 1.(\, x
conjugate f(p) for f(p). For real functions f(p),

w(_)H —X) - 1/1()\7X)-

designating the function of the form (4) obtained by substitution of the complex
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Propagation for increasingly negative A is in the opposite direction in space, but from (15), the
support still spreads as |\| increases. Then, 1(|\|,x) describes a state propagating forward in
time from an initial state described by (0, x) regardless of whether the displacement in time
A is positive or negative.

The results of this section establish that in the constructed realizations of relativistic quan-
tum physics [7], the position and momentum expectation values (15) of isolated systems prop-
agate along straight lines. The spread of spatial support with time is also characterized in
(15).

3 Approximation of relativistic free propagation

In section 1.2, functions (A, x) of the form (4) characterize the physically relevant support
of each isolated argument of state describing functions ¢, ((z),) € Hp(R*"). In this section,
approximations are developed to evaluate ¥ (), x) for states that include relativistic momenta.
Example approximate 1(\,x) are developed for rotationally invariant Gaussian f (p). The
approximate (A, x) provide examples of the straight line motion and support spread of isolated
state relativistic evolution.

For rotationally invariant functions f (p), a rotation aligns p with any selected spatial vector
x without modification of f (p). This alignment reduces the 3 dimensional integral represen-
tation (4) for (A, x) to a one dimensional quadrature. For rotationally invariant functions, a
change of summation variables to polar coordinates results in

') T 21 ) ) _
B x) = / Pdp / sin 6 deb / 49 e eons iR f(p)
0 0 0

with
p cos 0 sin ¢
p=| psinfsing (16)
pCOS @
and

P-X =prcoso

2 =p?

r? =x2

The angle summations are elementary leaving the p summation to evaluate (4).

2y [ ; —ipr\ _iwA F
VOX) = == | pdp (77— e A f(p).
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For even f(p), f(—p) = f(p), the two terms add.

V) = =22 [ pdp e (). (17)

—0o0

Rotationally invariant f (p) are even functions.

The examples selected to approximate (A, x) are the Gaussian functions (10). Gaussian
(10) are rotationally invariant. Gaussian functions are the most classical-like states in the sense
that the Heisenberg lower bound on simultaneous knowledge of momentum and location is met
for A = 0. At A = 0, the Gaussian f (p) matches as well as possible a classical description of
the state. The classical state is characterized solely by location and momentum.

With f(p) = exp(—c2p?) from (10) and for X # 0, the summation (17) is not elementary. In
this section, approximations expressed in elementary functions are developed for the relativistic
propagation of Gaussian f (p).

3.1 Integral representation of time translation

An integral representation of the unitary time translation operator facilitates approximation.
For a,, Ao € R, the Gaussian quadrature (13) provides

)\2 oo
eiw)\—a?, — 4 [ Zo / ds e—/\?,82+2)\0b(p)s
T J-oo

_ )% / R s
™ —00
— eb(p)?

Equality is satisfied if
b(p)? = iw\ — a?.

The exponential e~ o5 +20b(P)s i5 an entire function of s and then the Cauchy integral formula,

lack of singularities and exponential decline at large real values of s provides that the integral
around any closed contour is zero. Consequently, the summation of a real s from —oo to co
equals the summation with s translated by any finite, complex constant b(p)/A,.

[N

b(p) = (—a + iw)2. (18)

The principal root from the two solutions for b(p) is selected below. The real part of b(p)?
is negative and the imaginary part is positive (second complex quadrant) and consequently,
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the principal root of b(p)? has positive real and imaginary components (first quadrant). Then,
given the principal root b(p) and for any a,, A\, € R-,

2
eiw)\ _ A:?/ejo /OO ds e—)xgs2+2/\gb(p)s_ (19)
T J-oo

A convenient expression for the principal root of b(p)? is

b(p) = br(p) +ibg(p)
balp) — \/ Vet X e (20)

A
bQ(P) = m-

The triangle inequality and the monotone increase of the square root provide convenient bounds
w = VAT P2 <A+l
b = VB0 = (a5 +wX)7 < v/aZ + wlN]

< ao+ /S + /M) o)
0 <br(p)

< /3@ +wlA - ad)

A
e /3l
with ag, A\c € Rsg and A, p € R.

If a, is selected sufficiently large to satisfy a, > 1 and a, > w|A| when p is limited, |p| < ps
with a limitation to finite p, justified below in section 3.2, then binomial series expansion yields

2)2
a?,,/l—i—wai‘ ) —a?
o

br(p) = 2
w2)\2 w2)\2
R~ 1-—
4CL(2) < 4.(1% ) (22)
WA w2
~—|(1-—
2a, 8al

252
bo(p) %ao(l—l—w )

IN
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To leading orders for sufficiently large a,, the real part of b(p) is much less than unity and
the imaginary part is nearly constant. The variation of b(p) with p follows from the infinitely
differentiable

P (1 + %/\zpz) if A2p? < 1, non-relativistic momenta,
w R 1 (23)
P 1+ 555 if A\2p% >> 1, very relativistic momenta.
2X2p

Substitution of the integral representation (19) into the one dimensional quadrature repre-
sentation (17) for (A, x) provides

2mi [° N 7
602 =2 [ i e o
e (24)
_ AT e / pdp " f(p) / ds e 355 2hob(p)s
T — 00 —00

Inspiration for the integral representation (19) is attenuation of the contribution from the
real br(p) and the nearly constant imaginary bg(p) in the approximation (22).

3.2 Relativistic approximation for (), x)

It is demonstrated in this section that for Gaussian f(p), the summation (24) effectively trun-
cates to a summation over a finite, rectangularly bounded area, and then approximations result
in Gaussian quadrature for (A, x).
The integrand in (24) is
€7p2027)\352+2b(p))\05+irp

with p X s € (—00,00) X (—00,00). This integrand is absolutely Lebesgue integrable. The
exponential is an entire function, and Lebesgue integrability reduces to sufficient decline as |p|
and |s| increase. From the definition (20) of br(p) and the bound (21), the absolute value of
the integrand in (24) is a function of exponential decline for large |p| or |s|.

|e_p2g2_)\?,52+2b(p))\os+irp| < =P =A3s%+2bR(p)Nos

25
— =% =(Nos—br(p))*+br(p)? (25)

A finite region within (—o00,00) X (—o00,00) dominates the contributions to the summation
(24). The region of dominant contribution to (24) is within a finite rectangle

pXsE (_nypa:) X (_31‘7356) (26)
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and the integrand is negligible and declining exponentially beyond the rectangle. Let z designate
the negative of the exponent in the integrand of (24).

2= A%+ 02p% — 2b(p)Aos — irp. (27)

The modulus (25) of the integrand achieves maxima at points designated s,, p,. Due to the
exponential decline of |e™?| for large |s| and |p|, the dominant contribution is from s, p that
satisfy

Ms% 4 02p? — 2bp(p)hos < K2

for K ~ 3. The upper bound defines the boundary of the region of dominant contribution. The
finiteness of the region of significant contribution is established by setting op = R(f) cos# and
Aos = R(6)sinf. Then, the R and 0 along the boundary of the region of dominant contribution
satisfy

A2s? + 02p® — 2bg(p)Aos = R+ 2bp(2Rcosf)Rsinf
= K2,

A finite solution R = R(f) to Re(z) = K? for each @ is ensured by the continuity of Re(z) and
that Re(z) < K2 for R = 0 and Re(z) > K2 for R? > K? given the bound (21) on bg(p). The
minimal enclosing rectangle defines s, and p,.

From the interchange of summation order justified by Fubini’s theorem given Lebesgue
integrability,

v\, x) = — 2‘@ Ao / " ds e / " pdp T Nostirp, (28)

—0o0 —0o0

To achieve Gaussian forms that approximate ¥ (), x), the exponent of the integrand of (28)
is approximated with a polynomial,

2b(p) = By + Bap?, (29)

within the finite region (—sgz, Sz) X (—pz, pz). A quadratic approximation for b(p) leads to a
Gaussian integrand. The quadratic approximation must lack a term linear in p. With a £1p
term, f(p) is not even, and the simplification (17) that results in an elementary Gaussian
quadrature is not valid. The coefficient §y is determined in section 1.3 to match non-relativistic
approximations and By is determined in section 3.3 to match the expectation of the square
of relativistic location over time. It is convenient to express the coefficients with designations
ap, 9.

Bo = 2iay + i\
R (30)
B2 =22\

Qo
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with «ag,as € C. g, ag are independent of the summation variables p, s.

Substitution of the approximation (29) for b(p) into (28) provides that the p summation is
approximated by a Gaussian quadrature (13) that converges if 02 > Re(B2)\os; with s, from
(26). Evaluation of the p summation provides

YA x) = ZﬁzA e o/ ds 6A352/ pdp e—P 2 +2b(p)Xostirp

. S 00
~ 2\/7?1)\060,(2)/ ds e—)\ZSZGBO)\Os/ pdp e—(02—52)\05)92+i7‘9
r —S8z —o0

' s . 2
__miy eag/ " ds e—A25% gfodos ™ < o > e =370
o 2_ 2_ B\
r s o ﬁz)\os 2(0' ﬁQ 05)

s[5 2.2 1 =
— 77‘)\060'0 ds e_)‘os eﬁo)‘os— e4<02*52>\05) A

—sz (02— BaAos)?
Substitution of binomial series approximations accurate if 0 > |B2|\,5, result in Gaussian
quadrature over s. Satisfaction of 02 > |Ba|\os, and 02 > Re(B2)\os, follow if

a02

Ao L ——
ASz| sl

from the expression (30) for B2. The binomial series approximations result in

P(A, x) F)\oe“g/sz ds e—255" eBodos (1 3022 S) eg(H%)

Q

o Sz 202
~ Zhget / 2 s (1 382008\ =21y

03 —00 20-2

Ao 2
_ T et [T (14 B O B 200
3 2

T2 —r? 3B2(B, Bar ) )

= ?e 107 el ( TM exp(%(ﬁo _ KZZ )2)

This follows from the negligible contribution to the integral from |s| > s,, and the Gaussian
quadrature (13).
The exponent includes

2 A2 2
i(ﬁo_ /i20_4 )2 411 (21a0+z)\+ la, a2)
2

~ —a? + i) +za2 A

404
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for a, > max(1,w(pz)|A|, [a2A|r? /o) with the substitutions (30) for By, B2. B2 is negligible
with respect to By for sufficiently large a,. Similarly,
36082 _ .3az

107 it

Simplification results in

W%emo)‘ 1 3 r2 1 A
3 Tige02 P g (1T

with no dependence on the values of the parameters a,, A, from the integral representation (19).

(A, x) =

The approximation

3
mT2€

Qg 7,2
AX)R ——— exp | -5
vx) (02 — i)\as)g P ( 4(0* - Z/\US))

follows from definition of
o2

_ 31
0’2 +ia2)\ ( )

Os
and a convenient, finite function normalization for f(p). This is the approximation for the
function (), x) presented in (14). The constant ag = A, ! is determined from non-relativistic
approximation in section 1.3, and consequently |agA| < w(pg)|Al.

The approximation (14) of ¢(\, x) from (4) with Gaussian f(p) from (10) rests on the fit (29)
to b(p) and the selection of parameters a,, A, in the integral representation of time translation
(19). The parameters are selected to provide an approximation of the spatial dependence of
P(A, x) at each A\. The parameters a,, A, are selected to satisfy

| \|r? o0

a2 > max(|ag)|, -

d X .
) an < sehaa]

The conditions are satisfied for sufficiently large a, and small A, given finite A, 7, o, a2 and s,.

3.3 Determination of o,

The coefficient s of the fit (29) is set to match the expectation value (15) of the square of
relativistic location. The means of location and momentum are zero for both (), x) and the
approximation (14), and, from the lack of temporal variation, the expectations of the squares
of momentum for (A, x) and the approximation (14) are equal. A match of the square of
relativistic location then sets the four expectations (15) for 1)(), x) and the approximation (14)
equal.
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Expectation values (8) conveniently follow from the Fourier transform of the approximation
(14). For rotationally invariant functions ¥ (\, x),

/dx ePXh( N, X) / 2alr/ smd)algﬁ/27r d0 P08 D)\, X)

(27r) ,0/ rdr e TN, x)

with the definitions above (16) and from the development of (17). The Fourier transform of the
approximation (14) is a Gaussian quadrature (13). With ¢ (), x) designating the approximation
(14) of ¥ (A, x),

/ dx e (), x) fe? / e i < r )
< eiPX X)) = rdr e exp | ——————
47T%p (02 — MUS)% o 4 (0% —iloy)
ieivol 3 20,2,
=— —— Vi (02 —iday)? (—2ip)e™" (0% —iras) (32)
Ar2p (02 —idog)?

— eiao)\e—p2 (02 —iXos) )

The approximate zZ()\,x) is a Gaussian over space and applies without limitations on the
duration of the period A nor the momentum support of f (p). The coefficients Sy, B2 of the fit
(29) are determined: to set ¥(\, x) equal to ¥(\, x) in non-relativistic instances; and to match
the square of relativistic location.

E[X% 9\, x)] = E[X% (), x)). (33)

In Born’s rule for expectations (8), the norms in (33) are the same for (A, x) and the

approximate (14).
ol =/

anﬁmm

Then, the integration by parts,

2
w/\6—02p2

. . 2
6zao)\6—p2 (o2 —iAos)

_Z/dp w3 ed(P) ﬁ wied®) ) — Z/dp 9 w3edP) ’
v p) V Opy
reduces the equality (33) to
2
Z/dp ’uﬂegl (p) Z/dp (P)
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with
g1(p) = iw\ — o*p?
from (4) with (10) and
g2(p) = iag — p(0? — idoy)
from the Fourier transform (32). The integration by parts displays that E [X2; 1] is real and
nonnegative. The product and chain rules provide

0 wiedP) — ( Py +w§g/(p)> c9(P)
apu 2w

3
2

with prime indicating derivative with respect to p,. From substitution of the two ¢g(p), equality

is
2
Z/dp ‘( pV2 - 2py(02—i/\05)>‘ we 2P’
~ 2w

2
= Z/dp ‘( P Jrip—y)\fQUQp,,)‘ we 20°P?,
- 2w? W

Simplification results in the expression for o, that satisfies (33).

2
a?/dp 4pPwe 2P’ = /dp % e 20°P?, (34)

The positive root of (34) is 0s. 0 is real, independent of A and varies with o.
The Fourier transforms of ¥(A, x) and ¥ (A, x),

; 52,2 ; 2052
ezw(p)/\e o?p and ezao)\e p?(o?—idos)

)

respectively, are approximately pointwise equal if momenta are non-relativistic. The discussion
of section 1.3 identifies that ap = A;! and from (34),

c

Og ~ 5)\0

in non-relativistic momenta when w ~ A_!. For non-relativistic momenta, the Fourier transform
of the approximation reproduces the first two terms of the binomial series for w(p).

w(p) = ag+osp?
=1+ %/\CpQ.

For relativistic momenta (23), ag + p? o, is not an accurate pointwise approximation for w
except in neighborhoods of selected p, but pointwise approximation of functions (£ almost
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everywhere) is not required to achieve pointwise approximation of their Fourier transforms. The
equality of moments (15), and comparison of b(p) with quadratic fits (29) within the dominant
support of the integrand in (28) confirms a similarity of the Gaussian approximation (14) and
P(A,x) from (4) with (10). The Gaussian form (14) follows from selection of the quadratic
approximation (29) for b(p).
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